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Abstract. This paper examines a parameterized problem that we refer
to as n − k Graph Coloring, i.e., the problem of determining whether
a graph G with n vertices can be colored using n − k colors. As the main
result of this paper, we show that there exists a O(kn2 + k2 + 23.8161k ) =
O(n2 ) algorithm for n − k Graph Coloring for each ﬁxed k. The core
technique behind this new parameterized algorithm is kernalization via
maximum (and certain maximal) matchings.
The core technical content of this paper is a near linear-time kernelization
algorithm for n−k Clique Covering. The near linear-time kernelization
algorithm that we present for n − k Clique Covering produces a linear
size (3k − 3) kernel in O(k(n + m)) steps on graphs with n vertices and
m edges. The algorithm takes an instance G, k of Clique Covering
that asks whether a graph G can be covered using |V | − k cliques and
reduces it to the problem of determining whether a graph G = (V  , E  )
of size ≤ 3k − 3 can be covered using |V  | − k cliques. We also present a
similar near linear-time algorithm that produces a 3k kernel for Vertex
Cover. This second kernelization algorithm is the crown reduction rule.

1

Introduction

Graph coloring is one of the hardest NP-complete problems under a variety of
measures. It is well-known [1] that determining whether a graph can be colored
using k = 3 colors is NP-complete, and the best-known polynomial-time algorithm for graph coloring, due to Halldórsson [2], produces a coloring that is only
guaranteed to be within O(|V |(log log |V |)2 / log3 |V |) of optimal. It is known
that approximating χ(G), the chromatic number of a graph G, to the ratio |V |δ
is NP-hard [3, 4]. Furthermore, it is known from the work of Feige and Kilian [5]
that no polynomial-time algorithm can approximate χ(G) to within |V |1− for
any  > 0 unless NP ⊆ ZPP. Hence, it does not appear likely that we will be
able to ﬁnd a much better approximation algorithm for graph coloring.
This extended abstract explores graph coloring from another, more tractable,
perspective. Since it is easy to see that any graph G = (V, E) can be colored
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via a trivial coloring that uses n colors and colors each vertex using a separate
color, the alternative perspective is to ask whether G can be colored using n − k
colors. We refer to this problem as n − k Graph Coloring. The parameter
k corresponds to the how many colors can be “saved” when coloring a graph
G = (V, E) over the trivial coloring of G. It is easy to see that this problem is
NP-complete. However, in contrast to the usual optimization measure for graph
coloring, this version is much easier to approximate. A sequence of papers by Demange, Grisoni and Paschos [6], Hassin and Lahav [7], and Halldórsson [8, 9], and
Duh and Fürer [10] examined approximation algorithms for graph coloring under this non-standard measure. The best-known polynomial-time approximation
algorithm, due to Duh and Fürer [10], approximates n − k Graph Coloring
to the ratio 360
280 ≈ 1.246.
This paper explores exact algorithms for n − k Graph Coloring. In particular, we show that it is possible to determine whether a graph G can be colored
using n − k colors in O(n2 ) steps for any ﬁxed k. Hence, n − k Graph Coloring is ﬁxed parameter tractable [11]. Our algorithm exploits the following,
well-known result concerning the relationship between graph coloring and clique
covering, χ(G) = χ̄(Ḡ), i.e., that the minimum number of colors needed to color
G is equal to the minimum number of cliques needed to cover the complement of
G. The main technical contribution of this work is a linear-time algorithm that
kernelizes instances of n− k Clique Covering, i.e., the problem of determining
whether a graph G with n vertices can be covered by n − k cliques. The general
kernelization approach proceeds as follows.
1. Compute a maximal matching M with no M augmenting path of length 3
or shorter on the input graph G.
2. Identify an independent set I of vertices in the reduced input graph by
examining the maximal matching M .
3. Compute a maximum matching M  in the bipartite graph formed by I its
edges to the rest of the graph.
4. Eliminate all vertices not covered by either the ﬁrst or second matching.
This general kernelization approach can be used to achieve a kernel of size ≤
3k − 3 for n − k Clique Covering. We use a similar approach to give a crown
reduction rule for Vertex Cover that achieves a ≤ 3k kernel.
Once a graph G is kernelized, determining whether G has a clique covering
of size n − k can be solved in f (k) = O(k 2 + 23.8161k ) steps by ﬁrst converting
the kernelized instance G , k into its complement Ḡ , k and then applying
the best-known exact algorithm for graph coloring due to Eppstein [12]. This
approach leads to parameterized algorithms running in time O(k(n + m) + k 2 +
23.8161k ) for n − k Clique Covering and time O(k · n2 + k 2 + 23.8161k ) for n − k
Graph Coloring. The algorithm for n − k Graph Coloring is depicted in
Figure 1.
We note that the use of maximum matchings in ﬁxed parameter tractable
algorithms is not new. For instance, Papadimitriou and Yannakakis [13] used
a maximum matching based approach to show that Vertex Cover can be
solved in polynomial-time for all k ≤ log n. Their work implicitly gives a O(3k n)
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parameterized algorithm for Vertex Cover. Similarly, the best-known parameterized algorithm for Vertex Cover [14] constructs a 2k kernel for Vertex
Cover using a maximum matching based technique of Nemhauser and Trotter
[15]. However, our kernelization technique appears to be more general since it is
easily applied to both Vertex Cover and n − k Clique Covering. Moreover,
this approach achieves linear kernels in near linear-time.

  



  

 


    







 

'  (






  )*+


  
   







 ! "#$ %   

  

 


 ¼ 

¼
   

&  

 



 





 ¼ 



Fig. 1. A O(kn2 + k2 + 23.8161k ) algorithm for n − k Graph Coloring that uses the
identity χ(G) = χ̄(Ḡ) twice.

The extended abstract is organized as follows. In section 2, we review necessary notation and prior work on maximum and maximal matchings. In section
3, we examine the combinatorial properties of maximal matchings without short
augmenting paths. In section 4, we give the kernelization algorithm for n − k
Clique Covering and prove that the algorithm converts an instance of G, k
to an equivalent instance G , k of size ≤ 3k − 3. In section 5, we use the same
technique to give a crown reduction rule for Vertex Cover that produces a
≤ 3k kernel. In section 6, we use the kernelization algorithm and the best-known
exact algorithm for graph coloring by Eppstein [12] to give fast parameterized
algorithms for n − k Clique Covering and n − k Graph Coloring that run
in the times mentioned above. Finally, in section 7, we provide some concluding
remarks.

2

Preliminaries

In this section, we review the notation and the relevant prior work on maximum
matchings that we use in this paper. Interested readers are directed to the survey
paper by Galil [16] or the comprehensive book by Lovász and Plummer [17] for
further details.
Given a graph G = (V, E), a matching is a set of edges M ⊆ E such that no
two edges in M share an endpoint. A vertex v ∈ V is said to be covered if it is
an endpoint of an edge in M . If v is not covered, then we say that v is exposed.
Most algorithms that ﬁnd maximum matchings do so by explicitly constructing augmenting paths [16]. Given a matching M , an M -alternating path is a sim-
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ple path P = v1 , v2 , . . . , vn  in G such that P consists of edges that alternate
between edges in M and edges outside of M . An M -augmenting path is an M alternating path that begins and ends with an exposed vertex. It is well-known
that the existence of an M -augmenting path P implies that M is not a maximum matching since it is possible to create a larger matching by swapping the
unmatched edges in P for the matched edges in P to create a larger matching.
This observation leads to the following theorem, due to Berge [18].
Theorem 1. M is a maximum matching in G if and only if there is no M augmenting path in G.
Fast algorithms to compute maximum matchings were ﬁrst discovered for
bipartite graphs. The best-known algorithm for maximum matching
in bipartite
√
graphs is due to Hopcroft and Karp [19] and takes time O(m n) on graphs with
m edges and n vertices. The best-known algorithm for maximum matching in
general graphs
comes from the work of Micali and Vazirani [20] and also takes
√
time O(m n).
To achieve linear-time kernelization here, we will employ Hopcroft and Karp’s
algorithm on bipartite graphs and a somewhat straightforward algorithm for
ﬁnding maximal matchings without short augmenting paths in general graphs.
To see that Hopcroft and Karp’s algorithm runs in linear-time in our case,
we need to brieﬂy describe the operation of this algorithm. The algorithm by
Hopcroft and Karp employs an O(m) algorithm to ﬁnd a maximal set of vertex
disjoint augmenting paths of minimum length. The algorithm proceeds in multiple passes where at each pass the algorithm augments the matching M via the
maximal set of vertex disjoint M -augmenting paths of minimum length. This
process continues until no M -augmenting path is found, and hence by
√ Theorem
1 M is a maximum matching in G. The algorithm executes at most O( n) passes
because, as Hopcroft and Karp [19] prove in Theorem 2 and Corollaries 3 and 4,
once a maximal set of vertex disjoint M augmenting paths of length l is found
and M is augmented to M  , the shortest M  -augmenting path in the graph has
length l + 1 or longer.
In the bipartite graphs that we use here, one of the two partitions will be of
size 2k or smaller. Since no M augmenting path in such a graph can be of length
longer than 4k edges, the algorithm of Hopcroft and Karp performs at most 4k
augmenting passes. Therefore, Hopcroft and Karp’s algorithm will complete in
O(km) steps.
The ideas behind Hopcroft and Karp’s algorithm can be used to ﬁnd maximal
matchings in general graphs with no augmenting path of length 3 in O(n + m)
steps. To see this, consider the following approach. First, compute a maximal
matching M in G using the standard O(n+ m) greedy algorithm. Next, compute
a maximal set S of vertex disjoint M -augmenting paths of length 3 in G by
examining each edge e ∈ M . For each edge e = (u, v) ∈ M , compute cu , the
number of exposed vertices connected to u and cv the number of exposed vertices
connected to v. If either cu or cv equals zero, no augmenting path of length 3 that
uses e exists. If cu = cv = 1, then a path exists if and only if these vertices are
diﬀerent. Finally, if cu ≥ 2 and cv ≥ 1 (or vice-versa), then an augmenting path
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through e must exist and can be found easily. Mark the endpoints of any such
found augmenting path as “covered.” It is easy to see that this approach ﬁnds a
maximal set of vertex disjoint augmenting paths of length 3 in time O(n + m)
since each edge in G is visited at most O(1) times. Finally, the results of Hopcroft
and Karp tell us that augmenting the matching M with S produces a matching
M  with no augmenting path of length 3. Such matchings have properties that
we exploit in the next section.

3

Maximal Matchings Without Short Augmenting Paths
and Their Combinatorial Properties

Given a maximal matching M in a graph G = (V, E), it is natural to partition V
into the covered vertices and the exposed vertices. In this fashion, we partition
V into IM = {v ∈ V |{u, v} ∈ M } and OM = V − IM . The set OM forms an
independent set because if there were an edge between any pair of vertices in
OM , then M would not be a maximal matching.
Given a matching M with no augmenting path of length 3, we partition
the matched edges into classes to exploit certain combinatorial properties. In
this respect, we partition M into three classes C1 , C2 , and C3 based on how
the endpoints of the edges in M connect to the exposed vertices. Figures 2–4
illustrate the three classes of matched edges.
 ¾ 
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Fig. 2. The class 1 “boring” edges.
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Fig. 3. The class 2 edges.

We refer to the ﬁrst class of matched edges C1 as the “boring edges” since
they are not connected to any exposed vertex. In the second class of matched
edges C2 , both endpoints are connected to vertices in OM . As shown in Figure
3, both endpoints must be connected to the same vertex a ∈ OM , or there will
exist an M -augmenting path in G of length 3. Finally, the third class of edges
in M , C3 , contains edges where only one of the two endpoints are connected to
exposed vertices. This case is shown in Figure 4.
The main combinatorial property of maximal matchings M with no augmenting paths of length 3 that we use in this paper is the following lemma that
relates the size of M to the size of the maximum matching M  in the bipartite
graph formed by letting V1 = OM , V2 = N (OM ), and only including edges from
OM to N (OM ) in G. We call this graph G[OM , N (OM )].
Lemma 1. Let M be a maximal matching in G with no length 3 M -augmenting
path. Let M  be a maximum matching in G[OM , N (OM )]. Then |M  | ≤ |M |.
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Fig. 4. The class 3 edges.

Proof. The bipartite graph G = G[OM , N (OM )] contains edges from exposed
vertices to the end points of matched edges in M . It is clear by inspection that
no more than one endpoint of matched edges in M can appear as an endpoint of
a matched edge in G since (i) for each edge in C3 only one endpoint is connected
to any vertex in OM , and (ii) for each edge in C2 , both endpoints are connected
to a single vertex a in OM and hence at most one of these endpoints can be
matched to a. It follows that |M  | ≤ |M |.

4

A Kernelization Algorithm for Clique Covering

In this section, we develop a kernelization algorithm for Clique Covering
that exploits the combinatorial properties of maximal matchings developed in
the previous section. The correctness of our approach depends on the following
generic results concerning independent sets, maximum matchings, and clique
coverings.
In the following lemma, we call a clique “trivial” if it contains only a single
vertex.
Lemma 2. Let G = (V, E) be a graph, and let I be an independent set of vertices
in G. If M  is a maximum matching in G[I, V − I], then in any clique covering
C of G at most |M  | vertices in I appear in non-trivial cliques in C.
Proof. Assume that there are k vertices in I that appear in non-trivial cliques
in C. Since I is an independent set, no two of these vertices can appear in the
same clique. So, let C1 , . . . , Ck be the k cliques that contain these vertices. For
the vertex vi ∈ I that appears in Ci , pick another vertex ui ∈ (V − I) ∩ Ci .
Such a vertex must exist because Ci is non-trivial and I is an independent
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set. Furthermore, the edges {u1 , v1 }, {u2 , v2 }, . . . , {uk , vk } form a matching in
G[I, V − I] because the Ci ’s are disjoint. Since M  is a maximum matching, it
follows that k ≤ |M  |.
Lemma 3. Let G = (V, E) be a graph, let I be an independent set in G, and
let M  be a maximum matching in G[I, V − I]. For every clique covering C of
G, there exists a clique covering C  of G such that |C  | ≤ |C| and each vertex in
M  [I] (those vertices in I that are covered by M  ) appears in a non-trivial clique
in C  .
Proof. Let C = {C1 , . . . , Cm } be a clique covering of G. Examine each vertex
vi ∈ M  [I]. Let ui be the other endpoint of the matched edge containing vi . If
vi is contained in a trivial clique, delete ui from its clique (it is still a clique,
or we have deleted a clique), and add it to vi ’s clique. This does not increase
the total number of cliques. Continue this process until all of the vertices vi ∈
M  [I] are contained in non-trivial cliques. Notice that this process may create
trivial cliques of vertices in M  [I]. However, this process must eventually halt,
since we increase the total number of vertices in M  [I] that appear in nontrivial cliques with their paired vertex during each iteration. Moreover, these
new cliques cannot be “destroyed.” This approach is given in Algorithm 1. To
prove the correctness of this algorithm, it suﬃces to show that c = |{vi ∈
M  [I] | {ui , vi } ∈ M  and ui , vi ∈ Cj for some Cj ∈ C}| is a loop invariant for
the algorithm. The algorithm will halt since c increases by one during each
iteration of the loop. When the loop halts, the value of c must be |M  [I]|, and
hence every vertex in M  [I] appears in a non-trivial clique in C  . The algorithm
creates no new cliques (though it may destroy some trivial cliques), hence the
total number of cliques in C  is less than or equal to |C|.
Combining Lemma 2 and 3, we observe that if I is an independent set and
M  is a maximum matching in the bipartite graph G[I, V − I], then there is an
optimal clique covering where all of the vertices in I that are not covered by M 
appear in trivial cliques. Hence, these vertices can be deleted without aﬀecting
the relative size of the optimal clique covering. So, if we let G be the graph
Algorithm 1 Creating Non-trivial Cliques
Input: A Clique Covering C of G
Output: A Clique Covering C  of G such that |C  | ≤ |C| and each vertex in M  [I]
is in a non-trivial clique.
set c = |{vi ∈ M  [I] | |{ui , vi } ∈ M  and ui , vi ∈ Cj for some Cj ∈ C}|;
while (there exists a vi ∈ M  [I] in a trivial clique Cl ) do
Find {ui , vi } ∈ M  .
Find the Ck such that ui ∈ Ck ;
Remove ui from Ck ;
add ui to Cl ;
c = c + 1;
end while
return C;
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formed by removing all of the vertices in I that are not covered by M  , then
G has a clique covering of size n − k if and only if G has a clique covering of
size n − k. This approach forms the basis for the main technical contribution
of this paper, the kernelization algorithm for n − k Clique Covering given in
the following theorem.
Theorem 2. There exists an algorithm running in O(k(m+n)) steps that, when
given an instance G, k of n − k Clique Covering with n vertices and m
edges either determines that G can be covered using n − k cliques or produces an
equivalent instance G , k, where G has ≤ 3k − 3 vertices.
Proof. We present Algorithm 2 below. To see that the algorithm runs in O(k(m+
n)) steps, consider the running time of each step. Step 1 completes in O(m + n)
steps, as described at the end of section 2. Steps 2–6 can also be computed in
O(m + n) steps or faster. As explained at the end of section 2, step 7 takes
O(k(m + n)) steps because N (OM ) has at most 2k vertices, and hence the
maximum bipartite matching algorithm of Hopcroft and Karp performs at most
4k passes. The ﬁnal two steps can also be implemented in O(m + n) steps.
Algorithm 2 Kernelization for n − k Clique Covering.
Input: An instant G, k of n − k Clique Covering
Output: Either “yes” if G has an |V | − k clique covering or an equivalent instance
G , k of n − k Clique Covering
1: Compute a maximal matching M in G with no M augmenting path of length 3 as
described in section 2.
2: if |M | ≥ k then
3:
return “yes” since G has a n − k clique covering consisting of k cliques of size 2
and n − 2k trivial cliques.
4: end if
5: Partition V into into covered (IM ) and exposed (OM ) vertices.
6: Compute the bipartite graph G∗ = G[OM , N (OM )].
7: Apply the algorithm of Hopcroft and Karp [19] to compute a maximum matching
M  of G∗ .
8: Delete from G all vertices in OM that are not covered by M  . Call this graph G .
9: Return G , k.

To see that this algorithm produces the correct result, consider the following
brief argument. Since OM is an independent set and Algorithm 2 deletes from
G all vertices in OM that are not covered by M  , it is clear from Lemma 2 and
3 that G has a clique covering of size n − k if and only if the original instance
G has a clique covering of size n − k. To see that G has the correct size, we
employ results from the previous section.
Since |OM | = n − 2|M |, we delete exactly n − 2|M | − |M  | vertices from G
to form G in step 8 of the algorithm. Since |M  | ≤ |M | by Lemma 1, it follows
that we delete at least n − 3|M | vertices from G. Since G has n vertices to begin
with, this leaves at most 3|M | vertices in G . Since |M | < k, it follows that G
has a most 3k − 3 vertices. This completes the proof.
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The Crown Reduction Rule for Vertex Cover

To show the generality of the kernelization approach taken in the previous section, we show how to apply this technique to give a linear-time kernelization
algorithm for instances of Vertex Cover. The key to our kernelization for
Vertex Cover is the following observation. Let I be an independent set in
G, and assume that there is a matching of size |N (I)| in the bipartite graph
G[I, N (I)] formed by I, the neighborhood of I, and the edges between them in
G. Under this assumption, at least |N (I)| vertices from I ∪ N (I) must appear in
any vertex cover of G. Hence, it suﬃces to include all of N (I) in the vertex cover
and delete all of I ∪ N (I) from G. This is the crown reduction rule. Here, we
show how to eﬃciently ﬁnd such an I via a maximum and a maximal matching.
Let I be an independent set of vertices from a graph G = (V, E). Then, the
bipartite subgraph of G formed by the sets I and V − I, denoted by G[I, V − I], is
the graph G = (V, E  ), where E  = {{u, v} | u ∈ I, v ∈ V − I, and {u, v} ∈ E}.
Let M be a maximum matching in G[I, V − I]. Then, we write M [I] for the
set of vertices in I that are covered by edges in M and M [V − I] for the set of
vertices in V − I that are covered by edges in M . If S is a set of endpoints of
edges in M , then we write M− [S] for the set of vertices matching the vertices in
S, i.e.,
M− [S] = {u|{u, v} ∈ M and v ∈ S}.
As in section 4, we show that it is possible to eliminate vertices in I that do
not appear in M [I]. As mentioned above, we can eliminate all of the vertices in
I when M is an upper perfect matching, i.e., when |M | = |N (I)|, or, in other
words, all of the vertices on one side of the bipartite graph are matched. While
a maximum matching in G[I, V − I] for an arbitrary independent set I may not
be an upper perfect matching, we show below that there must exist an upper
perfect matching for a set I  , where I − M [I] ⊆ I  ⊆ I. This requires some
explanation.
Let I be an independent set in G, and let M be a maximum matching in the
bipartite subgraph G[I, V − I]. Then, it is possible to select a subset of M [V − I]
that has an upper perfect matching with a subset of the vertices in I. To begin,
we note the following easy result.
Lemma 4. N (I − M [I]) ⊆ M [V − I], i.e., vertices in I that are not covered by
the matching must connect to only endpoints in the matching.
Proof. Assume that a vertex v ∈ I−M [I] connects to a vertex u ∈ N (I)−M [V −I].
Then, we can add the edge {u, v} to the matching. Hence, the matching is not
maximal (and hence not a maximum matching). This is a contradiction.
We next deﬁne a collection of subsets of M [V − I].
C 0 (M ) = N (I − M [I])
C i (M ) = N (M− [C i−1 (M )])
∞

C(M ) =
C i (M ).
i=0
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The following results hold.
Lemma 5. 1. For each i, C i (M ) ⊆ M [V − I].
2. For each i > 0, C i−1 (M ) ⊆ C i (M ).
3. For each i and for each vertex v ∈ C i (M ), there exists an M -alternating
path from a vertex u ∈ I − M [I] to v.
Proof. (By induction on i) When i = 0, Lemma 4 tells us that C 0 (M ) ⊆ M [V −
I]. Furthermore, each vertex v ∈ C 0 (M ) is attached to a vertex u ∈ I − M [I].
This single edge is an M -alternating path from u to v.
Now, assume that conditions 1–3 are true for some i ≥ 0. To see that condition (2) is true for C i+1 (M ), note that every vertex in C i (M ) is an endpoint in
the matching. Hence, C i (M ) ⊆ N (M− [C i (M )]) = C i+1 (M ). To see that condition (3) is true, assume that v ∈ C i+1 (M ) − C i (M ). Hence, there exists a vertex
u ∈ C i (M ) such that {u, v1 } ∈ M , and v ∈ N (v1 ). Since v ∈ C i+1 (M ) − C i (M ),
it is clear that {v, v1 } ∈ M . Moreover, since there exists an M alternating path
from a vertex v2 ∈ I − M [I] to u (by the inductive hypothesis), adding the edges
{u, v1 }, {v1 , v} forms an M alternating path from v2 to v. Finally, to see that
condition (1) is true, notice that if v ∈ M [V − I], then the M alternating path
from v2 to v is an M augmenting path. Hence, the original matching M is not
a maximum matching.
As we show above, the C i (M )’s are ordered by the subset relation. As we
show next, there must be a ﬁxed point in these sets.
Lemma 6. If C i (M ) = C i+1 (M ), then C i (M ) = C i+k (M ) for all k ≥ 1.
Proof. (By induction on k.) When k = 1, the lemma holds trivially. Now, assume
that the lemma holds when k ≥ 1. Then,
C i+k+1 (M ) = N (M− [C i+k (M )]) = N (M− [C i (M )]) = C i+1 (M ) = C i (M ).
Lemma 5 and 6 imply a straightforward method for computing C(M ); compute C i (M ) until C i+1 (M ) = C i (M ). The end result of this computation is
C(M ). This computation must complete after |M | passes, since |C(M )| ≤ |M |.
Moreover, notice that computing C i+1 (M ) from C i (M ) can be done in O(n+m)
steps since it simply involves computing neighborhoods. Hence, the entire computation of C(M ) takes O(|M |(n + m)) steps, where n = |V | and m = |E|.
Now, we can give a subset of G[I, V − I] that has an upper perfect matching.
Deﬁne
I  = M− [C(M )] ∪ (I − M [I]).
Lemma 7. N (I  ) = C(M ).
Proof. N (I  ) = N (I − M [I]) ∪ N (M− [C(M )]) = C 0 (M ) ∪ C(M ) = C(M ).
Lemma 8. The bipartite graph G[I  , V − I  ] has an upper perfect matching.
Proof. Lemma 7 tells us that N (I  ) = C(M ). Since I  contains all of the vertices in M− [C(M )], the edges from C(M ) to M− [C(M )] form an upper perfect
matching of G[I  , V − I  ].
We now show that we can eliminate all of the vertices in I from G (and
perhaps some others). The single reduction rule that we use is the following.
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Crown Reduction Rule: Given an independent set I in G, if the bipartite graph
G[I, V − I] has an upper perfect matching (i.e., a matching of size |N (I)|), then
delete I and N (I) from G to form G and set k  = k − |N (I)|.
The crown reduction rule is a generalization of the reduction rule that can
be used to eliminate degree 1 vertices for Vertex Cover.
Lemma 9. G has a vertex cover of size k  iﬀ G has a vertex cover of size k.
Proof. Assume that G has a vertex cover V ∗ of size k  . Then, V ∗ ∪ N (I) is a
vertex cover of G of size k  + |N (I)| = k, To see this, notice that the vertices in
N (I) covers the edges in the bipartite subgraph formed by I and N (I). Moreover,
the vertices in N (I) also cover all edges from N (I) to the rest of G.
Similarly, assume that G has a vertex cover V ∗ of size k and deﬁne V̂ ∗ =
∗
V − (N (I) ∪ I). This is a vertex cover of G . Each matched edge connecting the
vertices in N (I) to the vertices in I must be covered by either a unique vertex
in N (I) or a unique vertex in I. Since I is an independent set, these sets are
disjoint. Therefore, |V̂ ∗ | ≤ |V ∗ | − |N (I)| = k − |N (I)| = k  .
The crown reduction rule leads to the following kernelization algorithm for
Vertex Cover.
Theorem 3. There exists an algorithm running in time O(k(n + m)) steps that
takes an instance G, k of Vertex Cover with n vertices and m edges and
either returns “no” (G has no vertex cover of size k) or produces an equivalent
instance G , k  , where k  ≤ k and |V  | ≤ 3k.
Proof. The algorithm proceeds as follows.
Algorithm 3 Linear-Time Kernelization Algorithm for Vertex Cover.
1: Compute a maximal matching M in G with no M -augmenting path of length 3
using the algorithm described in section 2.
2: if |M | > k then
3:
return “no,” because G needs at least k + 1 vertices in any vertex cover.
4: end if
5: Otherwise, partition V into IM and OM .
6: Compute the bipartite graph G∗ = G[OM , N (OM )].
7: Compute a maximum matching M  in the bipartite graph G∗ .

[C(M  )] ∪ (OM − M  [OM ]).
8: Compute the crown C(M  ), and let I  = M−
9: Apply the crown reduction rule. This rule deletes C(M  ) and I  from G.
10: return G , k .

Notice that the correctness of this algorithm follows almost immediately from
Lemma 9. To see that G has ≤ 3k vertices, notice that (i) after step 3, we know
that |M | ≤ k, (ii) Lemma 1 tells us that |M  | ≤ |M |, and (iii) the crown
reduction rule removes at least |OM | − |M  | ≥ |OM | − |M | vertices from G. Since
n = |OM | + 2|M | and |M | ≤ k, |V  | ≤ n − |OM | − |M | = 3|M | ≤ 3k.
To see that Algorithm 3 runs in time O(k(m + n)), notice that (i) step 1
takes O(m + n) steps, (ii) steps 2–6 can be performed in O(n + m) steps, (iii)

268

Benny Chor, Mike Fellows, and David Juedes

step 7 takes O(k(n + m)) steps since |N (OM )| ≤ 2k because |M | ≤ k, (iv) step
8 takes O(k(n + m)) steps by the argument prior to Lemma 7, and (v) steps 9
and 10 can be performed in O(n + m) steps. This completes the proof.

6

Parameterized Algorithms for Graph Coloring
and Clique Covering

In this section, we combine the results of sections 2, 3, and 4 to prove our main
result.
Theorem 4. n − k Clique Covering can be solved in time O(k(n + m) + k 2 +
23.8161k ) steps on instances G, k, where G has m edges and n vertices.
Proof. Given an instance G, k of n − k Clique Covering, apply Algorithm 2
from section 4. The algorithm either determines that there is a clique covering of
size n−k of G, or it kernelizes G, k to an equivalent instance G , k such that G
has a clique covering of size n −k if and only if G has a clique covering of size n−k.
Moreover, we have that n ≤ 3k − 3. This takes O(k(m + n)) steps. Next, apply
the relationship between graph coloring and clique covering, and convert G , k
into an equivalent instance Ḡ , k of n − k Graph Coloring. This takes O(k 2 )
steps. Finally, apply the best-known exact algorithm from graph coloring, due to
Eppstein [12]. This algorithm runs in O(2.4150n ) = O(2.41503k−3 ) = O(23.8161k )
steps. This completes the algorithm and the proof.
Theorem 5. n − k Graph Coloring can be solved in time O(kn2 + k 2 +
23.8161k ) on instances G, k, where G has m edges and n vertices.
Proof. It suﬃces to employ the identity χ(G) = χ̄(Ḡ). Hence, G can be colored
using n − k colors if and only if Ḡ can be covered using n − k cliques. Therefore,
it suﬃces to ﬁrst compute Ḡ and to then employ the algorithm given in Theorem
4. The result follows.

7

Concluding Remarks

This paper provides an alternate approach to exact algorithms for graph coloring.
The approach provided here can be used to design faster exact algorithms for
graphs with high chromatic numbers (χ(G) ≥ 2/3n) because the parameterized
algorithm given here runs faster than the O(2.4150n ) exact algorithm when k ≤
1/3n. Perhaps this new parameterized algorithm can be used in some inventive
way to improve the running-time of the exact algorithm for graph coloring for
all graphs.
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8. Halldórsson, M.M.: Approximating discrete collections via local improvement. In:
Proceedings of the Sixth ACM-SIAM Symposium on Discrete Algorithms, ACM
Press (1995) 160–169
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