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Abstract. The Convex Recoloring (CR) problem measures how far
a tree of characters differs from exhibiting a so-called “perfect phylogeny”. For input consisting of a vertex-colored tree T , the problem
is to determine whether recoloring at most k vertices can achieve a convex coloring, meaning by this a coloring where each color class induces
a connected subtree. The problem was introduced by Moran and Snir,
who showed that CR is NP-hard, and described a search-tree based FPT
algorithm with a running time of O(k(k/ log k)k n4 ). The Moran and Snir
result did not provide any nontrivial kernelization. Subsequently, a kernelization with a large polynomial bound was established. Here we give
the strongest FPT results to date on this problem: (1) We show that in
polynomial time, a problem kernel of size O(k2 ) can be obtained, and (2)
We prove that the problem can be solved in linear time for fixed k. The
technique used to establish the second result appears to be of general
interest and applicability for bounded treewidth problems.
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Introduction

The historically first and most common definition of fixed-parameter tractability
for parameterized problems is solvability in time O(f (k)nc ), where n is the input
size, k is the parameter, and c is a constant independent of n and k. Background
and motivation for the general subject of parameterized complexity and algorithmics can be found in the books [9, 10, 14]. This basic view of the subject is
by now well-known.
Less well-known is the point of view that puts an emphasis on FPT kernelization. Kernelization is central to FPT as shown by the lemma:
Lemma 1. A parameterized problem Π is in FPT if and only if there is a
transformation from Π to itself, and a function g, that reduces an instance (x, k)
to (x0 , k 0 ) such that:
1.
2.
3.
4.

the transformation runs in time polynomial in |(x, k)|,
(x, k) is a yes-instance of Π if and only if (x0 , k 0 ) is a yes-instance of Π,
k 0 ≤ k, and
|(x0 , k 0 )| ≤ g(k).

The lemma is trivial, but codifies a shift of perspective. To see how this works,
consider the Moran and Snir FPT result for Convex Recoloring, with the
running time of O∗ (k/ log k)k ). When n > (k/ log k)k , then the Moran and Snir
algorithm runs in polynomial time, in fact, in time O(n5 ). (So we can run the
algorithm and determine the answer, and “transform” the input to either a
canonical small NO instance or a canonical small YES instance accordingly.) If
n ≤ (k/ log k)k then we simply do nothing; we declare that the input is “already”
kernelized to the bound g(k) = (k/ log k)k . If a parameterized problem is FPT,
that is, solvable in time f (k)nc , then the lemma above gives us the trivial P-time
kernelization bound of g(k) = f (k). Normally for FPT problems, f (k) is some
exponential function of k, so the subclasses of FPT
Lin(k) ⊆ P oly(k) ⊆ F P T
of parameterized problems that admit P-time kernelization to kernels of size
bounded by linear or polynomial functions of k would seem to be severe restrictions of FPT.
It is surprising that so many parameterized problems in FPT belong to these
much more restrictive subclasses. The connection to heuristics goes like this:
FPT kernelization is basically a systematic approach to polynomial-time preprocessing. Preprocessing plays a powerful role in practical approaches to solving
hard problems. For any parameterized problem in FPT there are now essentially
two different algorithm design competitions with independent payoffs:
(1) to find an FPT algorithm with the best possible exponential cost f (k), and
(2) to find the best possible polynomial-time kernelization for the problem.
A classic result on FPT kernelization is the Vertex Cover 2k kernelization
due to Nemhauser and Trotter (see [14]). The linear kernelization for Planar
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Dominating Set is definitely nontrivial [1]. The question of whether the Feedback Vertex Set (FVS) problem for undirected graphs has a P oly(k) kernelization was a noted open problem in parameterized algorithmics, only recently
solved. The first P oly(k) kernelization for FVS gave a bound of g(k) = O(k 11 )
[6]. Improved in stages, the best kernelization bound is now O(k 3 ) [4].
We prove here a polynomial time kernelization for the Convex Recoloring
problem, to a reduced instance that has O(k 2 ) vertices. The basic problem is
defined as follows.
Convex Recoloring
Instance: A tree F = (V, E), a set of colors C, a coloring function Γ :
V → C, and a positive integer k.
Parameter: k
Question: Is it possible to modify Γ by changing the color of at most
k vertices, so that the modified coloring Γ 0 is convex (meaning that
each color class induces a single monochromatic subtree)?
The Convex Recoloring problem is of interest in the context of maximum
parsimony approaches to evaluating phylogenetic trees [12, 11]. Some further
applications in bioinformatics are also described in [12]; see also [13].
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Preliminaries

Our kernelization algorithm is shown for the following generalized problem.
Annotated Convex Recoloring
Instance: A forest F = (V, E) where the vertex set V is partitioned into
two types of vertices, V = V0 ∪V1 , a set of colors C, a coloring function
Γ : V → C, and a positive integer k.
Parameter: k
Question: Is it possible to modify Γ by changing the color of at most k
vertices in V1 , so that the modified coloring Γ 0 is convex?
A block in a colored forest is a maximal set of vertices that induces a monochromatic subtree. For a color c ∈ C, β(Γ, c) denotes the number of blocks of
color c with respect to the coloring function Γ . A color c is termed a bad color
if β(Γ, c) > 1, and c is termed a good color if β(Γ, c) = 1.
A recoloring Γ 0 of coloring Γ is expanding, if for each block of Γ 0 , there is
at least one vertex in the block that keeps its color, i.e., that has Γ 0 (v) = Γ (v).
Moran and Snir [12] have shown that there always exists an optimal expanding
convex recoloring. It is easy to see that this also holds for the variant where we
allow annotations and a forest, as above.
As in [3], we define for each v ∈ V a set of colors S(v): c ∈ S(v), if and only
if there are two distinct vertices w, x, w 6= v, x 6= v, such that w and x have
color c (in Γ ), and v is on the path from w to x.
3

We introduce another special form of convex recoloring, called normalized.
For each vertex v ∈ V , we add a new color cv . We denote C 0 = C ∪ {cv | v ∈ V }.
A recoloring Γ 0 : V → C 0 of coloring Γ : V → C is normalized, if for each v ∈ V :
Γ 0 (v) ∈ {Γ (v), cv } ∪ S(v).
Lemma 2. There is an optimal convex recoloring that is normalized.
Proof. Take an arbitrary optimal convex recoloring Γ 0 . Define Γ 00 as follows. For
each v ∈ V , if Γ 0 (v) ∈ {Γ (v)} ∪ S(v), then set Γ 00 (v) = Γ 0 (v). Otherwise, set
Γ 00 (v) = cv . One can show that Γ 00 (v) is convex. Clearly, it is normalized, and
recolors at most as many vertices as Γ 0 (v).
2
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Kernelizing to a Linear Number of Vertices Per Color

In this section, we summarize a set of rules from [6] that ensure that for each
color, there are at most O(k) vertices with that color. There are two trivial rules:
if F is an empty forest and k ≥ 0, then we return YES; if k < 0, then we return
NO if and only if the given coloring is not already convex.
Rule 1 Suppose there are α ≥ 2k + 3 vertices with color c. Let v be a vertex,
such that each connected component of F −v contains at most α2 vertices of color
c. Assume that v 6∈ V0 , or Γ (v) 6= c. Now
– If v has a color, different from c, and v ∈ V0 , then return NO.
– If v has a color, different from c, and v 6∈ V0 , then set Γ (v) = c and decrease
k by one.
– Fix the color of v: put v ∈ V0 .
Rule 2 Suppose v ∈ V0 has color c. Suppose one of the connected components
of F contains at least k + 1 vertices with color c, but does not contain v. Then
return NO.
Rule 3 Let v be a vertex of color c. Suppose F − v has a component with vertex
set W that contains at least k + 1 vertices with color c, that contains a neighbor
w of v. Assume that w 6∈ V0 or Γ (w) 6= c. Then
– If w has a color, different from c, and w ∈ V0 , then return NO.
– If w has a color, different from c, and w 6∈ V0 , then give w color c, and
decrease k by one.
– Fix the color of w: put w ∈ V0 .
Rule 4 If there is a tree T in the colored forest that contains two distinct vertices
u and v, both of which have fixed color c, then modify T by contracting the path
between u and v (resulting in a single vertex of fixed color c). If r denotes the
number of vertices of this path that do not have color c, then k 0 = k − r.
Rule 5 If there are two distinct trees in the colored forest that both contain a
vertex of fixed color c, then return NO.
4

Let v ∈ V0 have color c. A connected component of F − v with vertex set
W is said to be irrelevant, if both of the following two properties hold: (1) The
vertices with color c in W form a connected set that contains a neighbor of v,
and (2) For each color c0 6= c, if there are vertices with color c0 in W , then c0 is
not bad. If a component is not irrelevant, it is said to be relevant.
Rule 6 Let v ∈ V0 . Let W be the vertex set of an irrelevant connected component
of F − v. Then remove W , and all edges incident to vertices in W , from the tree.
Rule 7 Suppose F − v contains at least 2k + 1 components, and each component
of F − v is relevant. Then return NO.
Rule 8 Let v ∈ V0 be a vertex with fixed color c. Let W be the vertex set of a
relevant component of F − v that contains vertices with color c. Suppose there
are vertices with color c, not in {v} ∪ W . Then
–
–
–
–
–

Take a new color c0 , not yet used, and add it to C.
Take a new vertex v 0 , and add it to F .
Set v 0 ∈ V0 . Color v 0 with c0 .
For all w ∈ W with color c, give w color c0 . (Note that k is not changed.)
For each edge {v, w} with w ∈ W : remove this edge from F and add the edge
{v 0 , w}.

Theorem 1. An instance that is reduced with respect to the above Rules has at
most 2k + 2 vertices per color.
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Kernelizing to a Quadratic Number of Vertices

In this section, we work in a series of steps towards a kernel with O(k 2 ) vertices.
A number of new structural notions are introduced.
4.1

Bad colors

Rule 9 If there are more than 2k bad colors, then return NO.
The colors that are not bad are distinguished into three types: gluing, stitching, and irrelevant.
4.2

Gluing colors

A vertex v is gluing for color c, if it is adjacent to two distinct vertices x and
y, both of color c, but the color of v is unequal to c. Note that if v is gluing
for color c, then v separates (at least) two blocks of color c: x and y belong to
different blocks. When we recolor v with color c, then these blocks become one
block (are ’glued’ together). A vertex v is gluing, if v is gluing for some color,
and if the color of v is not bad. A color c is gluing, if there is a gluing vertex with
5

color c, and c is not bad. (Note that the vertex will be gluing for some other
color c0 6= c.)
For a color c, let Wc be the set of vertices that have color c or are gluing for
color c. A bunch of vertices of color c is a maximal connected set of vertices in
Wc , i.e., a maximal connected set of vertices that have either color c or are gluing
for color c. The following lemma is not difficult, and establishes the soundness
of the next Rule.
Lemma 3. Suppose W is a bunch of color c that contains ` vertices that are
gluing for color c. Then in any convex recoloring, at least ` vertices in W are
recolored, and for each, either the old, or the new color is c.
Rule 10 If there are more than 2k vertices that are gluing, then return NO.
As a result, there are O(k) colors that are gluing, and thus O(k 2 ) vertices
that have a gluing color. We next bound the number of bunches.
Lemma 4. Suppose there are ` bunches with color c. Then the number of recolored vertices whose old or new color equals c, is at least ` − 1.
Proof. Omitted due to space limitations.

2

Rule 11 Suppose that for each bad color c, there are `c bunches. If the sum over
all bad colors c of `c − 1 is at least 2k + 1, then return NO.
4.3

Stitching colors

We now define the notion of stitching vertices. To arrive at an O(k 2 ) kernel, we
have to define this notion with some care.
We first define the cost of a path between two vertices with the same color
that belong to different bunches. Let v and w be two vertices with color c, in
the same subtree of F , but in different bunches of color c. The cost of the path
from v to w is the sum of the number of vertices with color unequal to c on this
path, and the sum over all colors c0 6= c such that
– c0 is not bad and c0 is not gluing, and
– there is at least one vertex with color c0 on the path from v to w in T
of the following term: consider the blocks with color c0 in the forest, obtained
by removing the path from v to w from T . If one of these blocks contains a
vertex in V0 (i.e., it has fixed color c0 ), then sum the sizes of all other blocks.
Otherwise, sum the sizes of the all blocks except one block with the largest
number of vertices.
A stitch of color c is a path between two vertices v, w, both of color c, such
that: (1) v and w are in different bunches, (2) all vertices except v and w have
a color, different from c, and do not belong to V0 , and (3) the cost of the path
is at most k. A vertex v is stitching for color c, if: (1) the color of v is different
from c, (2) v is not gluing for color c, and (3) v is on a stitch of color c. A vertex
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is stitching, if it is stitching for at least one color. (Note that this vertex will be
stitching for a bad color.) A color c is stitching if there is at least one vertex
with color c that is stitching, and it is not bad or gluing. A color is irrelevant,
if it is neither bad, gluing, or stitching. Summarizing, we have the following
types of vertices: (a) vertices with a bad color, (b) vertices with a gluing color,
(c) vertices with a stitching color that belong to a stitch, (d) vertices with a
stitching color, that do not belong to a stitch — these will be partitioned into
pieces in Section 4.4, and (e) vertices with an irrelevant color.
Proofs of the next two lemmas can be found in the full paper, and establish
the soundness of the next two rules.
Lemma 5. Suppose there is a convex recoloring with at most k recolored vertices. Then there is an optimal convex recoloring such that for each bad color c,
all vertices that receive color c have color c in the original coloring or are gluing
for c or are stitching for c.
Lemma 6. Suppose there is a convex recoloring with at most k recolored vertices. Then there is an optimal convex recoloring such that no vertex with an
irrelevant color is recolored.
Rule 12 Let v ∈ V1 be a vertex with an irrelevant color. Put v into V0 (i.e., fix
the color of v.)
Rule 13 Let v ∈ V1 be a vertex with a stitching color. Suppose v is not vulnerable. Then put v into V0 .
The following rule, in combination with earlier rules, helps us to get a reduced
instance without any vertex with an irrelevant color.
Rule 14 Let v ∈ V0 be the only vertex with some color c. Then remove v and
its incident edges.
Soundness is easy to see: the same recolorings in the graph with and without
v are convex. The combination of Rules 4, 12, and 14 causes the deletion of all
vertices with an irrelevant color: all such vertices first get a fixed color, then all
vertices with the same irrelevant color are contracted to one vertex, and then
this vertex is deleted. So, we can also use instead the following rule.
Rule 15 Suppose c is an irrelevant color. Then remove all vertices with color c.
4.4

Pieces of a stitching color

For a kernel of size O(k 2 ), we still can have too many vertices with a stitching
color. In order to reduce the number of such vertices we introduce the concept of
a piece of color c. Consider a stitching color c, and consider the subforest of the
forest, induced by the vertices with color c. If we remove from this subtree all
vertices that are on a stitch, then the resulting components are the pieces, i.e., a
7

piece of color c is a maximal subtree of vertices with color c that do not belong
to a stitch. Assume that we have exhaustively applied all of the rules described
so far, and therefore we do not have vertices with an irrelevant color. The next
lemma, given here without proof, shows that the next Rule is sound.
Lemma 7. Suppose W is the vertex set of a piece of stitching color c. Suppose
there is a vertex v ∈ W ∩ V0 . Then if there is a convex recoloring with at most
k recolored vertices, then there is a convex recoloring that does not recolor any
vertex in W .
Rule 16 Let W be a vertex set of a piece of stitching color c, that contains at
least one vertex in V0 . Then put all of the vertices of W into V0 .
As a result of this rule and Rule 4, a piece containing a vertex with a fixed
color will contain only one vertex. We omit the soundness proof for the following
rule from this version. If there is a large piece, found by Rule 17, then it will be
contracted to a single vertex by Rule 4.
Rule 17 Suppose c is a stitching color, and there are α vertices with color c.
Suppose there is no vertex in V0 with color c. If W is the vertex set of a piece of
color c, and |W | > α/2, then put all of the vertices of W into V0 .
4.5

Kernel size

We now tag some vertices that have a stitching color. A tag is labeled with a bad
color. Basically, when we have a stitch for a bad color c, we tag the vertices that
count for the cost of the stitch with color c. Tagging is done as follows. For each
stitch for bad color c, and for each stitching color c0 with a vertex on the stitch
with color c0 , consider the blocks of color c0 obtained by removing the vertices
on the stitch. If there is no vertex with color c0 in V0 , then take a block with
vertex set W such that the number of vertices in this piece is at least as large as
the number of vertices in any other piece. Tag all vertices in Q − W with color
c. If there is a vertex v with color c0 in V0 , then tag all vertices with color c0 ,
except those that are in the same block as v.
Comparing the tagging procedure with the definition of the cost of a stitch,
we directly note that the number of vertices that is tagged equals the cost of the
stitch, i.e., for each stitch of bad color c, we tag at most k vertices with c.
We now want to count the number of vertices with a stitching color. To do
so, we first count the number of vertices with a stitching color that are tagged.
To do this, we consider a bad color c, and count the number of vertices, with a
stitching color, that are tagged with c.
The following three lemmas are proved in the full paper.
Lemma 8. Let c be a bad color with `c bunches. A reduced instance has at most
2k(`c − 1) vertices that are tagged with c.
Lemma 9. Let c be a stitching color. There is at most one piece of color c that
contains a vertex that is not tagged with a bad color.
8

Lemma 10. In a reduced instance, there are at most 8k 2 vertices with a stitching color.
Theorem 2. In time polynomial in n and k, a kernel can be found with O(k 2 )
vertices.
Proof. With standard techniques, one can observe that all rules can be carried
out in time polynomial in n and k.
In the reduced instance, there are at most 2k bad colors, and at most 2k
gluing colors. For each of these colors, there are at most 2k + 2 vertices with
that color. So, in total at most 4k 2 + 4k vertices have a bad or gluing color.
There are at most 8k 2 vertices with a stitching color, and no vertices with an
irrelevant color, so in total we have at most 12k 2 + 4k vertices.
2

5

Linear Time FPT with Treewidth and MSOL

We describe an algorithm that solves the Convex Recoloring problem in
O(f (k) · n) time. There are four main ingredients of the algorithm: (1) the construction of an auxiliary graph, the vertex-color graph, (2) the observation that
for yes-instances of the Convex Recoloring problem this graph have bounded
treewidth, (3) a formulation of the Convex Recoloring problem for fixed k
in Monadic Second Order Logic, and (4) the use of a famous result of Courcelle
[8], see also [2, 5]. For ease of presentation, we assume that there are no vertices
with a fixed color, and that the input is a tree. The “trick” of using such an
auxiliary graph seems to be widely applicable. For another example of this new
technique, see [7].
Suppose we have a tree T = (V, E), and a coloring Γ : V → C. The vertexcolor graph has as vertex set V ∪ C, i.e., we have a vertex for each vertex in
T , and a vertex for each color. The edge set of the vertex-color graph is E ∪
{{v, c} | Γ (v) = c}, i.e., there are two types of edges: the edges of the tree T , and
an edge between a vertex of T and the vertex representing its color. Recall that
S(v) denotes the set of colors c for which there are vertices w and x, distinct
from v, with v on the path from w to x in T , and Γ (w) = Γ (x) = c.
Lemma 11. Suppose there is a convex recoloring with at most k recolored vertices. Then for each v ∈ V , |S(v)| ≤ k + 1.
Proof. Suppose Γ 0 is a convex recoloring with at most k recolored vertices of Γ .
Consider a vertex v ∈ V , and a color c ∈ S(v). Suppose c 6= Γ 0 (v). There are
vertices w, x with Γ (w) = Γ (x) = c, and the path from w to x uses v. As v is
not recolored to c, either w or x must be recolored. So, there can be at most k
colors 6= Γ 0 (v) that belong to S(v).
2
Lemma 12. Suppose there is a convex recoloring with at most k recolored vertices. Then the treewidth of the vertex-color graph is at most k + 3.
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Proof. Without loss of generality, we suppose that Γ is surjective, i.e., for all
c ∈ C, there is a v ∈ V with Γ (v) = c. (If Γ is not surjective, then colors c with
Γ −1 (c) = ∅ are isolated vertices in the vertex-color graph, and removing these
does not change the treewidth.)
Take an arbitrary vertex r ∈ V as root of T . For each v ∈ V , set Xv =
{v, p(v), Γ (v)} ∪ S(v), where p(v) is the parent of v. For v = r, we take Xv =
{v, Γ (v)} ∪ S(v).
It is easy to verify directly that ({Xv | v ∈ V }, T ) is a tree decomposition of
the vertex-color graph of width at most k + 3.
2
Theorem 3. For each fixed k, there is a linear time algorithm that, given a
vertex-colored tree T , decides if there is a convex recoloring of T with at most k
recolored vertices.
Proof. We show that for a fixed number of recolored vertices k, the Convex Recoloring problem can be formulated as a property of the vertex-color graph
that can be stated in Monadic Second Order Logic. The result then directly follows by the result of Courcelle [8], that each such property can be decided in linear time on graphs with bounded treewidth. (See also [2, 5]. We use Lemma 12.)
We assume we are given the vertex-color graph (V ∪ C, E 0 ), and have sets
V and C distinguished. A recoloring Γ 0 that differs from Γ at most k vertices
can be represented by these vertices v1 , . . . , vk and by the corresponding values
c1 := Γ 0 (v1 ), . . . , ck := Γ 0 (vk ). Then, for a given color c, consider the set Vc
defined as follows:
– If v = vi for some 1 ≤ i ≤ k, then v ∈ Vc if and only if ci = c.
– If v 6∈ {v1 , . . . , vk }, then v ∈ Vc if and only if (v, c) is an edge of the vertexcolor graph.
Note, that Vc is the color class of c in the coloring Γ 0 . Hence Γ 0 is convex if and
only if Vc is connected for each c ∈ C. It is a standard fact, that MSOL can express
connectedness, say by a formula ϕ(X), where the set variable X represents Vc .
Furthermore, the definition of Vc given above can be expressed even in firstorder logic, say by a formula ψ(x1 , . . . , xk , y1 , . . . , yk , z, X), where additionally
x1 , . . . , xk represent v1 , . . . vk , y1 , . . . , yk represent c1 , . . . ck , and z represents c.
Then, for this k, the Convex recoloring problem can be expressed by the
formula
^
^
^
∃x1 , . . . , xk ∃y1 , . . . , yk (
V xi ∧
xi 6= xj ∧
Cyi ∧ ∀z∀X(ψ → ϕ)).
1≤i≤k

1≤i<j≤k

1≤i≤k

The algorithms works as follows. Given a colored tree (T, Γ ), it constructs the
vertex-color graph and computes a tree-decomposition of width at most k + 3. If
this fails, the algorithm returns NO, in accordance with Lemma 12. Otherwise,
using the tree-decomposition, it evaluates the above formula on the vertex-color
graph. Each step uses at most linear time.
2
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