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Abstract
For a number of computational search problems, the existence of a polynomial-time algorithm for
the problem implies that a polynomial-time algorithm for the problem is constructively known.
Some instances of such self-witnessing polynomial-time complexity are presented. Our main result
demonstrates this property for the problem of computing the prime factorization of a positive
integer, based on a lemma which shows that a certicate for primality or compositeness can be
constructed for a positive integer p in deterministic polynomial time given a complete factorization
of p ; 1.

1. Introduction
In a brief note Levin observed that if there exists a polynomial-time algorithm which
nds nontrivial factors of a composite number, then in fact we constructively know such an
algorithm (by a diagonalization) Le]. Our main result extends this observation.
Levin's idea has subsequently found a number of uses. For example, combined with
self-reduction, it is used in FL] to constructivize most of the known concrete complexity
consequences of the Graph Minor Theorem, and to show that the potential \nightmare" Jo]
of a nonconstructive proof of P = NP cannot happen by means of the GMT and the usual
kinds of completeness reductions. (The \nightmare" would be a proof of P = NP that does
not provide us a means of constructing polynomial-time algorithms for the many well-known
problems in NP .) Levin's idea plays a role also in the theorem of Feigenbaum, Lipton and
Mahaney that if any set in NP has an almost everywhere invulnerable generator, then we
constructively know one (for Satis ability) FLM].
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We began the present study by considering the question of for what computational
problems X could we prove a theorem of the form: If there exists a polynomial-time algorithm
for X then we constructively know one. We propose to call such a problem P -time selfwitnessing.
Although there is obviously an important distinction to be made between the situation
where we constructively know a fast algorithm for a computational problem, and the situation
where we know only that a fast algorithm exists, it is not a distinction that can be formalized
in classical mathematical logic. Thus to de ne P -time self-witnessing it is necessary to make
reference to some conceptual primitive of mathematical constructivism. (See Beeson Be] for
a comprehensive account of constructivist foundations of mathematics.)
In the following de nition we refer, as a primitive, to the constructivist notion of the
idealized collective mathematician U (see MRR]).
Denition. A computational problem X given by an input{output speci cation is P -time
self-witnessing if U possesses a theorem of the form: A is an algorithm such that if there
exists any algorithm B and polynomial q such that B solves X in time bounded by q, then
there exists a polynomial q such that A solves X in time bounded by q .
0

0

The idea of employing classical arguments to prove the existence or correctness of constructively known algorithms is not new. An example of this, as well as an entertaining
historical discussion of the relationship of the constructivist and classical mathematics of
algorithms, can be found in St].
Note that according to the above de nition, if X is P -time self-witnessing, then we
constructively know a polynomial-time algorithm for X , but perhaps do not constructively
know a polynomial bound on the running time of the algorithm (although such a bound
exists). Also note that the \diagonalization" algorithms that we discuss are not practical.
In the next section we show that the problem of computing a prime factorization is P time self-witnessing. In Section 3 we discuss a combinatorial instance of this phenomenon.
Section 4 describes an important open problem concerning this notion.

2. Prime Factorization
This section rst describes an unconditional deterministic polynomial time algorithm
that, given an odd integer p and a list of all prime factors of p ; 1, provides either a
certi cate of primality or a certi cate of compositeness for p. We show how this can be used
to demonstrate that the problem of computing a prime factorization is P -time self-witnessing.
Suppose that p is a positive odd integer that is claimed to be prime, and we are given
a complete list of the prime factors of p ; 1. Pratt P] showed that primality can then be
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certi ed in probabilistic polynomial time: namely, as soon as a random selection of integers
1 < j < p happens upon a generator of (Z=pZ) , it will be easy to show, using the list of
prime factors of p ; 1, that j has exact order p ; 1 modulo p, and so p must be prime. If
the Riemann hypothesis is true for quadratic number elds, then even without knowing the
factorization of p ; 1, Miller M] found a deterministic polynomial time algorithm to certify
primality. The lemma that follows is unconditional, i.e., it does not depend on any unproven
conjecture.


Lemma 1. Given an odd integer p > 1 and a list fqigri=1 of the prime factors of p ; 1,
one can certify primality in deterministic polynomial time. More precisely, the deterministic
polynomial time algorithm described below will, when given p and the prime factors of p ; 1
as input, produce either a certi cate of primality or a certi cate of compositeness.
Proof. For each positive integer j  log3 p, nd the exact order of j modulo p as follows. We may suppose that j p 1  1 mod p, since otherwise j provides a certi cate that p
is composite. Set hj = p ; 1, and then successively for the dierent qi:
;

8 = 1 do nothing
<
if g:c:d:(j h =q ; 1 p) : = p change hj to hj =qi
6= 1 p stop: you have a nontrivial factor of p.
Continue until hj cannot be replaced by hj =qi for any i = 1     r. In polynomial time this
gives the exact order hj of j modulo p. Note that for any prime ljp the same hj is also
the exact order of j modulo l, since otherwise we would have found a nontrivial factor of p
j
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(i.e., the third case of the above g.c.d. would have occurred). In particular, this means that
hj jl ; 1 for any prime ljp. Finally, set h =l.c.m.(hjj1 < j  log3 p).
If h  pp, then we know that p is prime, because hjl ; 1 for any prime ljp.

If h < pp, then we claim that we know that p is composite. Since j h  1 mod p for
1  j  log3 p, the same congruence holds for any 1  j < p which is log3 p-smooth (this
means p
that it has no prime factor greater than log3 p). If we show that the number of such
j is  p, then it will follow that the polynomial X h ; 1 has > h roots in Z=pZ, and so p
is composite. But it is known that
(x logc x) = #f1  j < xjj is logc x ; smoothg  x1

c;1 +o(1)

;

where the o(1) term is eective. We need only set c = 3 here to complete the proof of our
claim. More precisely, the above smoothness estimate implies that
(p log3 p)  p1=2

for some eectively computable p0 

for

p  p0 :

Note that the smoothness result we needed is a very weak one, and it can easily be proved
in the way described in x2 of deB], where it is called an \almost trivial lower bound."
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Thus, we obtain either a certi cate of primality or a certi cate of compositeness.
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Remark. Eric Bach and Je Shallit have oered the following observations and concrete
estimates (e-mail communication):

(1) p0 = 1020 is sucient
(2) 3 in the exponent of log p can be replaced by 2 +  for any slowly growing  for
example, one can take  = (log log log p)=(log log p) and p0 = 1036.
Corollary. In deterministic polynomial time, given an oracle for factoring, one can compute
a certi cate of either primality or compositeness for arbitrary positive integer input.
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We now have the following extension of Levin's observation.
Theorem 1. The problem of computing a prime factorization is P -time self-witnessing.
Proof. Let n denote the input positive integer to the following algorithm. We use a universal
subroutine to generate all possible Turing machines. At the ith stage we generate Mi, and
execute each of the separate computations M1 ::: Mi on the input n for one further step.
(This process is commonly termed diagonalization.)
A computation
Mj is nished if it halts,
Q
Q


oering purported prime factorizations n = pj , pj ; 1 = qk for each purported prime
factor pj , a purported prime factorization of each qk ; 1, and so on, ...
j

k

The output of a nished computation thus consists of O(log2 n) such purported factorizations. A computation Mj is successful if its output is certi ed correct (i.e., it is determined
that each purported prime is in fact a prime) by the algorithm of Lemma 1. If there is any
polynomial-time algorithm which correctly computes prime factorizations, then there is a
computation Mj which will nish in polynomial-time with all of the correct factorizations.
We apply the algorithm of Lemma 1 to the output of any computation which nishes, and
we halt when we nd output certi ed by Lemma 1 to be a correct prime factorization. The
total time spent by our algorithm will be roughly proportional to the square of the time
spent by the successful computation.
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3. A Combinatorial Example
At the present time the main source of nontrivial combinatorial examples of selfwitnessing computational complexity of which we are aware is the Graph Minor Theorem
RS2]. The problem k-Fold Planar Cover Search is that of nding either a k-fold planar cover
of a graph G, or determining that no such planar cover exists. (For example, the reader can
easily show that K5 has a 2-fold planar cover.) Because for each k the graphs having such
a cover form a minor order lower ideal, we know that there exists a nite obstruction set
(particular to k) H1 ::: Hm such that G has a k-fold planar cover if and only if none of the
4

Hi for i = 1 ::: m is a minor of G. Thus, the decision problem of determining whether a
k-fold planar cover of G exists, can be solved by testing whether Hi is a minor of G for
i = 1 ::: m. Each such test can be accomplished in time O(n3 ), where n is the number of
vertices of G, by the (constructively known) algorithm of RS1]. This yields that for each
xed k there exists an O(n3) algorithm for the decision problem. It is not known whether
the obstruction sets can be eectively computed.
We also do not know whether there exists a polynomial-time algorithm for the search
problem. The constructivization technique of FL] based on self-reduction, which would
reduce the search problem to the decision problem, is not known to apply. However, we have
the following.
Theorem 2. k-Fold Planar Cover Search is P -time self-witnessing.
Proof. We diagonalize on all Turing machines as in the proof of Theorem 1 if output
purporting to be a planar cover of G is produced, then we check it. (Checking is easily accomplished in polynomial time.) If G has a k-fold planar cover, this rst process will halt in
polynomial time if there is a P -time algorithm for the problem. We alternate computational
steps between the rst process and a second process which searches for evidence proving that
G has no k-fold planar cover.

The second process consists of generating and exhaustively analyzing all nite graphs to
identify obstructions. A graph H is an obstruction if and only if (1) H does not have a k-fold
planar cover, and (2) every proper minor of H has a k-fold planar cover. The exhaustive
analysis simply consists of generating combinatorially all k-fold covers, and attempting to
embed them in the plane. Whenever an obstruction H is found, we test whether H is a minor
of G (in O(n3 ) time). Note that since the size of the obstruction set is a xed constant, we
make at most a constant number of these tests. The second process must halt in time O(n3)
if G does not have a k-fold planar cover. Thus in either case we will halt in time bounded
by a xed (but possibly unknown) polynomial.
2

4. Remarks
With respect to the signi cance of nonconstructive methods in computational complexity, the following problem appears central.
Open Problem. Can we prove some familiar NP -hard problem to be P -time self-witnessing?

If we could, then the possibility of a nonconstructive proof of P = NP would be moot:
any proof of P = NP would yield constructively known P -time algorithms for the hosts
of natural problems in NP . Furthermore, we presently lack any means of arguing that an
NP -hard problem (such as computing the chromatic number of a graph) cannot be, or is
not likely to be, P -time self-witnessing. For example, such an outcome would not cause a
5

collapse of the polynomial hierarchy, simply because the latter is de ned classically.
It is also to be remarked that this investigation engages in an unusual (although we
believe well-motivated) blend of classical and constructive mathematics. This could be of
interest from the point of view of mathematical logic.
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