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Abstract

It is shown that the Precedence Constrained K-Processor Scheduling problem is hard for the parameterized complexity
class W[2]. This means that there does not exist a constant c, such that for all fixed K, the Precedence Constrained KProcessor Scheduling problem can be solved in O(n c) time, unless an unlikely collapse occurs in the parameterized complexity
hierarchy. That is, if the problem can be solved in polynomial time for each fixed K, then it is likely that the degree of the
running time polynomial must increase as the number of processors K increases.
Keywords: Multiprocessor scheduling; Parameterized complexity; Partial orders

1. I n t r o d u c t i o n

The Precedence Constrained K-Processor Scheduling problem is a well-studied problem. In this problem, we look for a schedule of a set o f unit length
tasks T on a set o f K processors, that meets a given
deadline D, and satisfies a given partial order on the
set of tasks T. In practical situations the set of tasks
will normally be much larger than the set o f processors. Thus it is interesting to consider the possibilities
for efficient scheduling algorithms when the number
of processors K is a fixed integer. Presently, a polynomial time algorithm is known only for the case of
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K = 2 [21], and the question o f whether there exists
a polynomial-time algorithm for each fixed K is a famous open problem (see e.g. Problem [OPEN 8] in
[22]). If K is variable, then the problem is NP-hard.
Many special cases have been investigated; see e.g.
[24] for an overview.
The newly developed framework o f parameterized
computational complexity provides an important tool
for the complexity analysis o f problems for which important applications are served by a small range of parameter values. Examples of the use o f this theory in
the analysis of concrete problem complexities can be
found in [1, 2, 5-9, 12, 13, 16-20, 23].
The central issue addressed by the theory is perhaps
best illustrated by example. All o f the following wellknown problems are NP-complete, and all of them can
be solved in polynomial time for any fixed parameter
value K (for descriptions of the problems see [22]):
• K-Vertex Cover
• K-Dominating Set

0167-6377/95/$09.50 (~) 1995 Elsevier Science B.V. All rights reserved
SSDI 0167-6377(95)00031-3

94

H.L. Bodlaender, M.R. Fellows~Operations Research Letters 18 (1995) 93 97

K-Min Cut Linear Arrangement
K-Bandwidth
The NP-completeness of (all of) these problems is
a determination that is insensitive to the following
important qualitative difference in how the parameter
contributes to overall problem complexity. Both KVertex Cover and K-Min Cut Linear Arrangement can
be solved in linear time for any fixed K. If K ~<20,
this allows K-Vertex Cover to be solved in a practical
manner for input of essentially any size (e.g. n = 108)
[16]. This contrasts strikingly with the fact that the
only known fixed-K algorithm for Dominating Set is
simply the brute-force examination of all K-sets of
vertices. The best known algorithm for K-Bandwidth
similarly requires time f2(n K). Note that for K = 6
such an algorithm is essentially impractical even for
n = 100.
In the framework of parameterized complexity
theory, "good behaviour" is defined to be the existence of a constant e, such that for all fixed K,
the problem can be solved in time O(nC). This
is termed fixed-parameter tractability. In typical
cases, the exponent constant c is small, just as with
typical polynomial-time algorithms. It is important
to note that the "good behaviour" toolkit of parameterized algorithm design techniques includes a
number of powerful, general and distinctive methods, such as well-quasiordering, bounded treewidth
and pathwidth methods [3, 4], and f(K)-bounded
search trees and problem kernels [16]. A substantial number of well-known parameterized problems
that are NP-complete (or harder) are now known to
be fixed-parameter tractable by these various means
[4, 16, 23].
We see that of the four NP-complete problems
above, two are fixed-parameter tractable, and two
apparently are not. The difference is reminiscent of
the contrast we often see between problems in P and
problems which are NP-complete, with the latter often
solvable (apparently) only by means of (exponential)
exhaustive search.
A proof that K-Dominating Set is not fixedparameter tractable would immediately imply P ¢
NP. Thus it is reasonable to study the relative complexity of parameterized problems, by means of an
appropriate notion of problem reduction. A framework of parameterized complexity classes natural for
this program is described in the next section.
•

•

The main result of this paper is that the Precedence Constrained K-Processor Scheduling problem is hard for the parameterized complexity class
W[2], and is therefore unlikely to be fixed-parameter
tractable. Fixed-parameter tractability for Precedence
Constrained K-Processor Scheduling would imply
fixed-parameter tractability for every parameterized
problem in W[2], including K-Dominating Set, KSubset Sum, K-Subset Product and K-Length Permutation Group Factorization. It would also imply fixedparameter tractability for all of the parameterized
problems in W[1] _C W[2], including K-Independent
Set, K-Clique, K-Square Tiling, K-Length Derivation in Context-Sensitive Grammars and the K-Step
Halting Problem for Nondeterministic Turing Machines [12 14, 18]. (The last-named problem is perhaps intuitively the most resistant to any supposition
of fixed-parameter tractability, due to its extremely
generic and unstructured nature.)
Although we do not solve the problem [OPEN 8]
from [22], our result can be interpreted as bearing on
the practical significance of this problem, showing that
even if there is no particular K for which the problem
is NP-complete, it is still likely to be computationally
intractable for the fixed parameter values that are important in many applications.
2. D e f i n i t i o n s

In this section we give some of the basic definitions
of the theory of fixed parameter intractability (for more
details, see [ 14]). We also give the formal definition of
the Precedence Constrained K-Processor Scheduling
problem:
Precedence Constrained K-Processor Scheduling

Instance: Set T of unit length tasks, partial order -< on
T, a deadline D E N ÷, number of processors K E N ÷.
Question: Does there exist a mapping f : T
{1 ..... D}, such that for all t,t' E T: t -< t'
f ( t ) < f ( t ' ) , and for all i, l<~i<~D: I f I(i)I~<K'?
Parameter: K.
A parameterized problem is a set L C_Z* × S*
where 2; is a fixed alphabet. For convenience, we consider that a parameterized problem L is a subset of
L C_X* × N +. For a parameterized problem L and
K E N + we write Lx to denote the associated
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fixed-parameter problem Lr = { x i ( x , K ) E L}. We
say that a parameterized problem L isfixed-parameter
tractable if there is a constant c and an algorithm
such that ~ decides if (x,K) E L in time f(K)ix] c
where f : N + ~ N + is an arbitrary function. Let
A, B be parameterized problems. We say that A is reducible to B if there is an algorithm • which transforms (x,K) into (x',g(K)) in time f(K)lx] ~, where
f , g : N + ~ N + are arbitrary functions and c is a
constant independent of K, so that (x,K) E A if and
only if (x',g(K)) E B.
In [14], Downey and Fellows define complexity
classes FPT, W[1], W[2] . . . . . W[P], where FPT is
the class of fixed-parameter tractable problems. The
following containment relations hold:
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Proof. We transform from Dominating Set. Let (G =
(V, E), k) be an instance to Dominating Set. Suppose
IVI = n, and write V = {Vo. . . . . vn-1}.
W r i t e c - - n 2 + 1. T a k e D = ( k . n ) . c + 2 n ,
and
take K -- 2k + 1.
We now define a directed acyclic graph H -(W,F). H consists of the following parts:

The floor. Take a path with length D: take vertices
{al . . . . . ao}, and edges (ai, ai+l ) for all i, 1 ~<i ~ < D - 1.
The floor gadgets. "Parallel" to each floor vertex
of the form an_l+~.c+in, 1 <~i<~n, O<~ct<~kn - 1, we
take a floor gadget vertex: take vertices {bn- l+~.c+in[
1 <~i<<.n, O<~<~kn - 1} = M, and add edges (ai-I,
bi) and (bi, ai+l ) for all bi E ~.

F T P C W[1] C_ W[2] C_... C W[P]
Problems that are hard for W[1] (and hence problems
hard for any larger class) are believed not to be fixedparameter tractable. However, showing that the W hierarchy is proper would be very hard, as this would
imply P ~ NP. Thus a completeness theory for exploring the issue of fixed-parameter tractability is a
reasonable way to proceed. It can be shown that if
the W hierarchy collapses, then a strong quantitative
form of the P ¢ NP conjecture fails [1].
A set of vertices W C V is a dominating set of an
undirected graph G = (V,E), if for all v E V, either
v E W or v is adjacent to a vertex w E W. The
Dominating Set problem is the following:
Dominating Set

Instance: Undirected graph G = (V,E), integerK E N +.
Question: Does G have a dominating set W _C V with

Ivel X?
Parameter: K.
Our main result relies on the following theorem
from [14].

Theorem 1. Dominat&g Set is complete for the class
W[2].

The selector paths. For each i, 1 ~<i ~<k, we take a
path of length D - n + 1. This path will represent the
ith vertex from a dominating set of G. Take vertices
{Ci,j I 1 <<.i<~k, 1 <~j<~D - n}, and edges (Ci, j, Ci,j+ I )
for all i, l<~i<~k,j, l<~j<~D-n.
The selector gadgets. If i ¢ j and (vi, vj) q[ E, then
we take a vertex, which is put 'parallel' to
c . . . . l+~.c+in-j, for all c~, 1 <~<~k.n, r, 1 <~r<~k. Take
vertices { dr, n- l +~.c+in-j [ 1 <~r <~k, 1 <~i <~n, 1 <~j <<.n,
i ¢ j , (vi, vj) q{E, l<~ct<<.kn} = ~ , and for each vertex dr, t~ E ~ , add edges (cr,/~_ l, dr,/~) and (dr,/~, cr,/~+l ).
Let H = (W, F ) be the directed acyclic graph (dag)
resulting from this construction. Let -< C_ W × W be
the transitive closure of F, i.e., let v --< w, if and only
if there exists a path from v to w in H.
Claim 3. Task set W with partial order -<, deadline
D, and number of processors K, is a yes-instance to
Precedence Constrained K-Processor Scheduling, if
and only if G has a dominating set of size at least k.
Proof. ¢=: Suppose {v~,,..., vT~} c_ V is a dominating
set of size k of G. Consider the following schedule
f o f W:
f(ai):i

(l<~i<~D),

3. Main result

f(bi) = i

(biEr),

Theorem 2. Precedence Constrained K-Processor
Scheduling is W[2 ]-hard.

f(ci,j):J+Ti

(l<~j<~D-n),

f(di,j) = J + Y i

(di.j E ~).
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Clearly f satisfies the precedence constraints. To an
integer i, not o f the form n - 1 + ~. e + j n ( 1 <<,j <~n,
l<<.~<~kn), one floor vertex, no floor gadget vertex, at most k selector path vertices, and at most k
selector gadget vertices are mapped, so for such i,
[ f - l ( i ) [ ~<2k + 1 = K.
Look at i o f the form n - 1 + ~ . c + pn with 1 ~< p ~<n,
I ~ <~kn. As {v:, . . . . . ~:~.~} is a dominating set o f G,
there are two cases:
Case 1: Vp is in the dominating set, i.e., p = 3'q,
1 <~q<~k. As dq, n-l+~.c+pn p does not exist in 9 , at
most k - 1 selector gadget vertices are mapped to i =
n - 1 4- ~ . n 2 4- p n - p + 7q. The total number of
vertices mapped to i hence is at most K. (The other
vertices mapped to i are: at most one floor vertex, one
floor gadget vertex, and k selector path vertices.)
Case 2: Vp is adjacent to vertex v:,,, 1 <<.q<~k. Now
dq.n-I+x.c+pn-7,, does not exist in ~ , so again at most
k - 1 selector gadget vertices are mapped to i.
~ : Suppose f : W ~ {1 . . . . . D} is a schedule,
fulfilling the required properties. First, as the length
of the floor path equals the deadline D, it follows that
we have for all i, 1 ~ i < ~ D ,
J ( a i ) = i.
For floor gadget vertices, only one possibility is now
left:
f(bi)

= i.

Call the interval [n - 1 + ( i - l ) e + 1,n - 1 + ic]
the ith range (l <~i <~kn). We say that the ith range
is p o l l u t e d by the j t h selector path, when there exists
an integer in this range to which no vertex on this j t h
selector path is mapped, i.e., when there exists an x,
n- 1 +(il ) c + l < ~ x < ~ n - 1 + ic, with f - L ( x ) A
{cj.j, I I < ~ j ' < < , D - n + 1} = 0. As each selector
path has length D - n + 1, it can pollute only n - 1
ranges. The total number o f polluted ranges hence is
at most kn - k, so there is at least one range that is
not polluted, say the bth range [n - 1 + (,5 - l ) c +
l , n - 1 + 6 e ] . We now define numbers 3'1. . . . . "/k, such
that
.f(c,.,,-I+l,~-Ii,.+t-:., ) = n -

I + (6-

1)c + 1.

Note that by the discussion above, 7L. . . . . ~'~ are
uniquely defined. It easily follows that for all selector

path vertices, the following holds:
j<~ f ( c i . j ) < ~ j + n - 1.

so,

{-,,, . . . . .

:'k} < { 0

....

,,

- l).

Now, we show that for all q, Vq belongs to the set
{w., . . . . . v,~ }, or is adjacent to a vertex in this set.
As shorthand notation, we write z = n - 1 + (6 1 )c + qn. Look at X -- f - l ( z ) .
Note that the set X
contains one floor vertex, one floor gadget vertex, and
k selector path vertices. So, it can contain at most k - 1
selector gadget vertices. So, there is an l, l<~l<~k,
such that X does not contain any vertex o f the form
d/.~:. We claim that d/.:_,.~ does not exist in 9 : note that
f ( c / , . _ : , I) = z - 1, f ( c / , z - : , + l ) = z + 1. So, d/,z-;.,
does not exist in 9f, otherwise it would be mapped
to z. As d/., l+(,~-ll,.+q,,-;., does not exist in 9 , we
have that 7t = q, or (v.;;,Vq) E E. It follows that
{v.;, . . . . . v~.~} is a dominating set o f G. []
The theorem follows directly by Claim 3, and
Theorem 1. []
We may also conclude from Theorem 2 that there is
no fully polynomial-time approximation scheme (see
[22]) to compute an approximation to the minimum
number o f processors required to meet an instance
deadline, unless the W hierarchy collapses. This follows by a result o f Cai and Chen [10] showing that
minimization problems with a fully polynomial-time
approximation scheme are necessarily fixed-parameter
tractable.
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